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Review Question: 


E ] 
k 
The series: 2. (—1) 2 


A. Converges absolutely 
B. Converges conditionally 
C. Diverges 
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Learning Goals 


* Recognize the general forms of a power series 
* Understand that a power series is an infinite polynomial 
* Determine the radius and interval of convergence for a power series 


e Differentiate and integrate a power series to obtain a new power 
series 


Power Series 


A power series is an infinite polynomial and a 
function of x: 


00 
Power seriesinx: f(x)= > a,x" 
k=0 


00 
Power series in x-c: f(x) = > a,(x-c)" 
k=0 


Convergence of Power Series 


00 
k 
“3 a,(x—c) converges at x, 
k=0 


00 
: k 
if > a, (x, —c) converges. 
k=0 
The series converges on (x,,x, ) 


if it converges at every point 1n the interval. 


Interval of convergence 


The interval of convergence of a power series is the set of all values of x 
for which the series converges. 


This interval may be closed, open, or half-open. 


Question: On which interval do you think this 
series converges? (Why?) 


00 


k 
x 
2, 


Radius and I.C. 


To find the radius of convergence of a power series in 
standard form, use the ratio or root test to find: 


L= lim oe "or L = lim; 


1 —00 


(i) If L2O, then AM Bb. I.C. is all real numbers. 
(ii) If L2ee, then R=0 and I.C. is just x=c. 


(iii) If Lis positive and finite, then R=1/L, and the series 
converges for /x-c/<R. You must also check the 
endpoints. 


Cautionary note! 


If the power series is not in standard form, you may find the radius using one of 
these two methods: 


1. Rewrite the series in standard form, and then evaluate the limit. 


L= lim oe "or L = lim; 


n —00 


X „ 


2. Putthe entire series (with the terms as well!) into the ratio or root test, then 
solve to find where the resulting limiti is less than 1. 


Example 1.1: 


Find the radius and interval of convergence for the power series. 


Example 1.2: 


Find the radius and interval of convergence for the power series. 
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Example: 


Find De radius and interval of convergence for 


Yen 


k=0 


R=1/2, 1.C.=[1/2,3/2] 
R=2, 1.C.=(-1,3) 
R=1/2, 1.C.=[1/2,3/2) 
R=2, 1.C.=[-1,3] 
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Differentiation and Integration 


= = 
00 00 a 
(Ease Renee 
k=0 0k+1 


The radius and interval of convergence are 
preserved under termwise differentiation and integration. 


Example 2.1: 


Find a power series expansion for the function 
f(x) — In(x + 1) 


For what values of x is this formula valid? 


Example 2.2: 


Find a power series expansion for the function 
(2) = — 
g full 
(1 — x)“ 


For what values of x is this formula valid? (Explain briefly.) 


Bonus Problem A: 


Evaluate the sum 2 (n + 1) 


n 
n= 


Bonus Problem B: 

Evaluate the sum = n? 
zn 

Hn 


Hints: 
U See that n? = n(n— 1) + n 
L] We have that 


P l — , | 
= | | = y ma lig” “,¢ > 0 
AT” — Sh 


n=O 


Bonus Problem C: 


— — ee I Etan-! Ga = (—1)" 
If tan : tt) = — 2, show that dr = = 
(v) D Ac 0 T 3 (2n + 1)“ 


n=0 n=U 


Challenge example: (A neat trick with power series) 


Le A(x) = > Doom 


n=O 
= i 1 
Show that Aeven(t) = X dont" = > (A(x) + A(—2)) 
n=l 
= | 
Zum = >> a! — 5 (A(x) — A(—x)) 
n) 


Where do each of the latter two functions converge? 
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Learning Goals 


* Understand the process to finding a Taylor polynomial for a given function and 
center 


e Estimate a function value using Taylor Polynomials and a specified error range 
* Recognize standard formulas for basic MacLaurin series 
* Manipulate the standard series to find MacLaurin series for other functions 


* Appropriately use error terms for alternating and non-alternating Taylor series 


Taylor Polynomial 


A Taylor Polynomial for a continuous function f 
about x=a is defined as: 


n (k) 
POE cay 


Note that if a=0, the formula reduces to: 


(k) 


Example 1: 


Find the third-degree Taylor polynomial of the function 


f(x) 2 dx 


in powers of (x-1). 


Question: Find a fourth-degree Taylor 
polynomial for f(x)=cos(x) about x=0. 


NA bx x 


Taylor Remainder Term 


The remainder term for P,, where cis some 
number between a and x, is given by: 


fro) 


K, (x)= Bay" 
É (n+1)! 
We can find an upper bound for the remainder using the formula: 
| x—a Kë 


| R, (x) [8 max | f" (c)| PEN 


(Over what range of c is the maximum taken?) 


Example 2: 


Find the maximum error when 
1.5 is approximated using a 3rd degree 


Taylor polynomialto the function 


f(x) 2-x. 


Example 3: 


Approximate 


0.2 
E 


vvithin an error of at most 0.01. 


Taylor Series 


A Taylor series is an infinite Taylor polynomial: 
f ac ) 
f(x) = EL (x—a) 
k=0 


In other words, a Taylor polynomial is the n partial sum 
of a Taylor series. 


If a=0, a Taylor series is called a MacLaurin series. 


Common MacLaurin Series 


00 


s 


E 


sin(x) = Ec "ae 


Mine 


cos(x) — Ec [y —— Es xeR 


I< I 


Example 4.1: 


Find a MacLaurin series for the following function: 


PËS sin(52) 


T 
(Where does it converge?) 


Example 4.2: 


Find a MacLaurin series for the following function: 
Ax 
2+2 


g(x) = 


(Where does it converge?) 


E Find a MacLaurin series for f(x) =cos(2x) 


Recall: Differentiation and Integration of 
Power Series 


d |< — si 
Sa |= Shaye 
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The radius and interval of convergence are 
preserved under differentiation and 
Integration. 


Example 5: > 
Find a MacLaurin Series for the function f (x) — X tan (x) 


X 


Example: Find a power series for [cosl Jat 


0 
4k+1 


k X 
: 2, CD (4k +1)(2k)! 


4k+4 


pi ZC Noy 


Ak +1 
X 


CU (4%? +1/0k)! 


Cp vd 


(2k +1)(2k)! 


Example 6: 


1/2 

Estimate | cos(x^)dx within 
0 

an error range of 0.001. 


